In this paper, we extend the definition of weakly second submodule of a module over a commutative ring to a module over an arbitrary ring. First, we investigate some properties of weakly second submodules. We define the notion of weakly second radical of a submodule and determine the weakly second radical of some modules. We also define the notion of weak m * -system and characterize the weakly second radical of a submodule in terms of weak m * -systems. Then we introduce and study a topology on the set of all weakly second submodules of a module. We give some results concerning irreducible subsets, irreducible components and compactness of this topological space. Finally, we investigate this topological space from the point of view of spectral spaces.
Introduction
Throughout this paper all rings will be associative rings with identity elements and all modules will be unital right modules. Unless otherwise stated R will denote a ring. By a proper submodule N of a non-zero right R-module M, we mean a submodule N with N M. Given a right R-module M, we shall denote the annihilator of M (in R) by ann R (M).
A non-zero R-module M is called a prime module if ann R (M) = ann R (K) for every non-zero submodule K of M. A proper submodule N of a module M is called a prime submodule of M if M/N is a prime module. The set of all prime submodules of a module M is called the prime spectrum of M and denoted by Spec(M). Several authors investigated and topologized the prime spectrum of a given module (see [11] , [12] , [20] ).
In [23] , S. Yassemi introduced second submodules of modules over commutative rings as the dual notion of prime submodules. Second modules over arbitrary rings were defined in [2] and used as a tool for the study of attached primes over noncommutative rings. A right R-module M is called a second module provided M (0) and ann R (M) = ann R (M/N) for every proper submodule N of M. By a second submodule of a module, we mean a submodule which is also a second module. If N is a second submodule of a module M, then ann R (N) = P is a prime ideal of R and in this case N is called a P-second submodule of M. Second submodules have been extensively studied in a number of papers (see for example [1] , [5] , [6] , [14] , [15] , [16] , [17] ). The set of all second submodules of a module M is called the second spectrum of M and denoted by Spec s (M). Recently, some authors have investigated and topologized the second spectrum of a given module (see for example [1] , [7] , [8] , [13] , [18] ).
In [9] , M. Behboodi and H. Koohy introduced the notion of weakly prime submodule as a generalization of prime submodule. A right R-module M is called weakly prime module if the annihilator of any nonzero submodule of M is a prime ideal and a proper submodule P of M is called weakly prime submodule if the quotient module M/P is a weakly prime module. In [4] , H. Ansari-Toroghy and F. Farshadifar defined weakly second submodules of modules over commutative rings as the dual notion of weakly prime submodules. Let R be a commutative ring. A non-zero submodule N of an R-module M is called a weakly second submodule of M if Nrs ⊆ K, where r, s ∈ R and K is a submodule of M, implies either Nr ⊆ K or Ns ⊆ K. In this paper, we extend this definition to modules over arbitrary rings and then we introduce and study a topology on the set of weakly second submodules of a given module.
Weakly Second Submodules
Let R be a commutative ring. A non-zero submodule N of an R-module M is called a weakly second submodule of M if Nrs ⊆ K, where r, s ∈ R and K is a submodule of M, implies either Nr ⊆ K or Ns ⊆ K (see [4, Definition 3.1] ). We extend this definition to modules over arbitrary rings as follows. Also if a submodule of a module over a noncommutative ring satisfies the commutative definition given in [4] , then it satisfies Definition 2.1. But, if R is a noncommutative ring, these two definitions are not equivalent in general. For example, consider the matrix ring R := M n (k) of n × n-matrices with entries in a field k and n ≥ 2. It is well-known that R is a simple ring. Therefore, M := R R is a weakly second module in the sense of Definition 2.1, but it does not satisfy the commutative definition given in [4] .
(2) It is easy to see that a non-zero right R-module M is weakly second if and only if ann R (M/N) is a prime ideal of R for every proper submoule N of M.
(3) It is easy to see that every non-zero factor module of a weakly second module is also weakly second. (4) It is clear that every second module is weakly second.
The following example shows that a weakly second module over a noncommutative ring need not to be a second module.
Recall that a fully prime ring is a ring with the property that every proper ideal is prime (see [22] ). Clearly every non-zero module over a fully prime ring is weakly second. Example 2.3. Let F be a field and let R be the set of infinite matrices over F that have the form
where A is an arbitrary finite matrix and a is any element of F. In [22, Example 3.2] , it was shown that R is a fully prime ring, R has only one non-zero proper ideal P and P 2 = P. Thus R R is a weakly second module which is not second. (1) N is a weakly second submodule of M. Proof.
(1) =⇒ (2) Let N be a weakly second submodule of M and K, L be proper submodules of N. Then, (1) and (1) 
Let M be an R-module and N be a submodule of M. The sum of all second submodules of N is called the second radical of N and denoted by sec(N). If there is no second submodule of N, then we define sec(N) = 0. N is called a second radical submodule in case N = sec(N) (see [5] and [15] ). Now we define the notion of weakly second radical of a submodule. (2) Let M be a right R-module. A maximal weakly second submodule of M is a weakly second submodule L of M such that L is not properly contained in another weakly second submodule of M. It can be easily shown that whenever {S i } i∈I is a chain of weakly second submodules of M, then ∪ i∈I S i is a weakly second submodule. By using this fact and applying Zorn's Lemma, one can see that every weakly second submodule of M is contained in a maximal weakly second submodue. This implies that if M has a weakly second submodule, then the weakly second radical of M is the sum of all maximal weakly second submodules. Recall that an R-module M is said to be a comultiplication module if for any submodule N of M there exists an ideal I of R such that N = (0 : M I) (see [3] ). Proposition 2.9. Let M be a right R-module. Then the following are true.
(1) Let M be a comultiplication module. Then, a submodule N of M is second if and only if it is weakly second. Consequently, w-sec(M) = sec(M).
(2) If R is a ring such that every prime ideal of R is maximal, then every weakly second submodule of M is second, consequently w-sec(M) = sec(M). In particular, if R is a right perfect ring, then w-sec(M) = sec(M) = Soc(M).
(3) If R is a ring such that the ring R/P is right or left Goldie for every prime ideal P of R and M is an injective right R-module, then w-sec(M) = sec(M). In the following example we show that in general w-sec(M) sec(M) for a module M. Proof. Suppose that
Then there is a weak m * -system S such that x S and N ∪ S = M. Let Ψ = {P ⊆ N : P ∪ S = M}. Then Ψ ∅, as N ∈ Ψ. Ψ is partially ordered with respect to reverse inclusion. Let {Q i } i∈Λ be a chain in Ψ. It is clear that ∩ i∈Λ Q i ∈ Ψ is an upper bound for Ψ. By Zorn's Lemma, Ψ has a minimal element Q with respect to inclusion. By Proposition 2.13, Q is a second submodule of N and we have x ∈ Q. Thus ws √ N ⊆ sec(N). Let Q be a second submodule of N. By Proposition 2.12, S = M\Q is a weak m * -system. We also have N ∪ S = M and x S for every x ∈ Q. Therefore Q ⊆ ws √ N and so w-sec(N) ⊆ ws √ N.
The Weakly Second Classical Zariski Topology of a Module
Let M be a right R-module. The set of all weakly second submodules of M will be called the weakly second spectrum of M and denoted by Spec ws (M). In this section we introduce and study a topology on Spec ws (M). Let M be a non-zero right R-module. For any submodule N of M we define the set V ws (N) := {S ∈ Spec ws (M) : Let M be a right R-module. Note that the set Proof. The proofs of (1) and (2) Proof. The assertion follows from Theorem 3.5 and Theorem 2.8.
A topological space X is said to be a spectral space if X is homeomorphic to Spec(S), with the Zariski topology, for some commutative ring S. In the rest of this section we will prove that if M is a right R-module such that M satisfies descending chain condition on weakly second radical submodules, then Spec ws (M) is a spectral space. 
. This means that V ws (N) is covered with the finite subfamily A of A, a contradiction. Hence N is a weakly second submodule of M. Now choose U ∈ A such that N ∈ U. This implies that N has a finer patch-like neighborhood
To see this assume that S ∈ W ws (K i ∩ N) ∩ V ws (N) so that S K i ∩ N and S ⊆ N. This implies that S ∈ W ws (K i ). Since N ∈ V ws (N i ) and S ⊆ N, we have S ∈ V ws (N i ). Hence we have:
, we may assume that K i = w-sec(K i ) for each i (1 ≤ i ≤ n). Since K i N, for each i (1 ≤ i ≤ n), V ws (K i ) can be covered by some finite subfamily A i of A. But
Hence V ws (N) can be covered by A 1 ∪ ... ∪ A n ∪ {U}, contrary to our choice of N. Thus there exists a finite subfamily of A which covers Spec ws (M). Therefore, Spec ws (M) is compact with the finer patch-like topology of M. 
